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In the canonical framework, we propose an alternative approach for the multifractal analysis based
on the detrending moving average method (MF-DMA). We define a canonical measure such that
the multifractal mass exponent τ(q) is related to the partition function and the multifractal spec-
trum f(α) can be directly determined. The performances of the direct determination approach and
the traditional approach of the MF-DMA are compared based on three synthetic multifractal and
monofractal measures generated from the one-dimensional p-model, the two-dimensional p-model
and the fractional Brownian motions. We find that both approaches have comparable performances
to unveil the fractal and multifractal nature. In other words, without loss of accuracy, the multifrac-
tal spectrum f(α) can be directly determined using the new approach with less computation cost.
We also apply the new MF-DMA approach to the volatility time series of stock prices and confirm
the presence of multifractality.
PACS numbers: 89.75.Da, 05.45.Tp, 05.45.Df, 05.40.-a
I. INTRODUCTION
The long-range behavior of many chaotic, nonlinear
dynamical systems can be described by fractal or mul-
tifractal measures [1–3]. A large number of methods
have been proposed to characterize the properties of frac-
tals and multifractals. One of the most classic methods
is the Hurst analysis or rescaled range analysis (R/S)
[4, 5]. The wavelet transform module maxima (WTMM)
approach is also a powerful tool [6–10], even for high-
dimensional multifractal measures, e.g. image technol-
ogy and turbulence [11–15]. Another popular family in-
clude the detrended fluctuation analysis (DFA) [16–18]
and the detrending moving average analysis (DMA) [19–
22]. Extensive numerical simulations display that the
performance of the DMA approach is comparable to the
DFA approach with slightly different priorities under dif-
ferent situations [23–30]. In real applications, one should
keep it in mind that the determination of scaling ranges
plays a crucial role in computing the scaling exponents
[31–33]. These methods have been extended to many di-
rections, such as objects in high dimensions [34–38], de-
trended cross-correlation analysis and its variants for two
time analysis [39–52], detrended partial cross-correlation
analysis for multivariate time series [53–55], and so on.
In this paper, inspired by the idea of direct determina-
tion of the f(α) singularity spectrum through canonical
measures in the partition function approach [39, 56, 57],
we develop the MF-DMA approach by defining a canon-
ical measure such that the singularity strength function
α(q) and the multifractal spectrum f(α) can also be
directly determined. The original MF-DMA approach
∗ wxzhou@ecust.edu.cn
[27, 58] requires that the Hurst exponent h(q) should
first be calculated, then multifractal scaling exponent
τ(q), finally α(q) and f(α) via the Legendre transform
[59]. The modified approach is designed to analyze mul-
tifractal time series and multifractal surfaces. The per-
formances of this new MF-DMA approach are investi-
gated using synthetic fractal and multifractal measures
with known scaling properties.
The paper is organized as follows. In Sec. II, we de-
scribe the direct determination approach and the tradi-
tional approach for MF-DMA. The one-dimensional and
two-dimensional cases are presented separately. In Sec.
III, we compare the performances of these two approaches
through numerical simulations. We consider three nu-
merical experiments, i.e., one-dimensional p-model, two-
dimensional p-model and fractional Brownian motion. In
Sec. IV, we apply the MF-DMA approaches to analyze
time series of intraday stock returns. We discuss and
conclude in Sec. V.
II. MULTIFRACTAL DETRENDING MOVING
AVERAGE ANALYSIS
In this section, for both one-dimensional case and two-
dimensional case, we first present the new direct deter-
mination approach, and then describe the traditional ap-
proach of MF-DMA analysis [27, 58].
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2A. One-dimensional case: MF-DMA(θ, q)
Consider a time series x(t), t = 1, 2, · · · , N . We con-
struct the sequence of cumulative sums
y(t) =
t∑
i=1
x(i), t = 1, 2, · · · , N. (1)
The moving average function y˜(t) in a moving window
can be calculated as follows [20],
y˜(t) =
1
s
d(s−1)(1−θ)e∑
k=−b(s−1)θc
y(t− k), (2)
where s is the window size, bxc is the largest integer not
greater than x, dxe is the smallest integer not smaller
than x, and θ is the position parameter with the value
varying in the range [0, 1]. The cases θ = 0, θ = 0.5 and
θ = 1 refer respectively to the backward, centred and
forward moving average analysis [23]. The trend y˜(t)
can also be estimated by higher order polynomials [60],
however, the implementation of higher order DMA sig-
nificantly increases the computational cost, which would
prevent practical use of this method.
We detrend the signal series by removing the moving
average function y˜(i) from y(i), and obtain the residual
sequence (i) through
(i) = y(i)− y˜(i), (3)
where s− b(s− 1)θc 6 i 6 N − b(s− 1)θc. The residual
series (i) is divided into Ns disjoint sub-series with the
same size s, where Ns = bN/s− 1c. Each sub-series can
be denoted by v such that v(i) = (l+ i) for 1 6 i 6 s,
where l = (v − 1)s. We calculate the root-mean-square
function Fv(s) as follows
Fv(s) =
[
1
s
s∑
i=1
2v(i)
]1/2
. (4)
The function Fv(s) reflects the amount of the resid-
ual sequence within each segment v of size s, which is
known as the box probability in the standard textbook
box counting formalism. From the canonical perspective,
one can obtain the f(α) function directly [39, 56, 57].
Here we define a canonical measure µ(q, s, v) using the
fluctuation function Fv(s):
µ(q, s, v) =
F qv (s)∑Ns
v=1 F
q
v (s)
, (5)
where q is the index variable. Let the partition func-
tion χ(q, s) =
∑Ns
v=1 F
q
v (s), from which can obtain the
multifractal mass exponent τ(q), that is,
χ(q, s) ∼ sτ(q). (6)
Then, the singularity strength α(q) and the multifrac-
tal spectrum f(α) are related to τ(q) via a Legendre
transform. Substituting partition function χ(q, s) and
canonical measure µ(q, s, v), α(q) and f(α) are deduced
as
α(q) =
dτ(q)
dq
= lim
s→0
d
dq
lnχ(q, s)
ln s
= lim
s→0
∑Ns
v=1 F
q
v (s) lnFv(s)∑Ns
v=1 F
q
v (s) ln s
= lim
s→0
∑Ns
v=1 µ(q, s, v) lnFv(s)
ln s
,
(7a)
and
f(α(q)) = qα(q)− τ(q)
= lim
s→0
q
∑Ns
v=1[F
q
v (s) lnFv(s)]−
∑Ns
v=1 F
q
v (s) ln[
∑Ns
v=1 F
q
v (s)]∑Ns
v=1 F
q
v (s) ln s
= lim
s→0
∑Ns
v=1 F
q
v (s)[lnF
q
v (s)− ln[
∑Ns
v=1 F
q
v (s)]]∑Ns
v=1 F
q
v (s) ln s
= lim
s→0
∑Ns
v=1 µ(q, s, v) ln [µ(q, s, v)]
ln s
.
(7b)
In practice, α(q) and f(α) can be computed by linear re-
gressions in semi-log coordinates. The multifractal spec-
trum f(α) is thus directly determined by the measure
µ(q, s, v). That is, Eq. (5) and Eq. (7) are the “canoni-
cal” counterparts of the original MF-DMA method [27].
In the traditional MF-DMA analysis, the qth order
overall fluctuation function F (q, s) is calculated as fol-
lows,
F (q, s) =
{
1
Ns
Ns∑
v=1
F qv (s)
} 1
q
, (8)
where q can take any real value except for q = 0. When
q = 0, we have
ln[F (0, s)] =
1
Ns
Ns∑
v=1
ln[Fv(s)], (9)
according to L’Hoˆspital’s rule. Varying the values of s, we
can determine the power-law relation between the func-
tion F (q, s) and the size scale s:
F (q, s) ∼ sh(q). (10)
The multifractal scaling exponent τ(q) can be be deter-
mined as follows
τ(q) = qh(q)−Df , (11)
where Df is the fractal dimension of the geometric sup-
port of the multifractal measure. If the scaling exponent
function τ(q) is a nonlinear function of q, the signal has
3multifractal nature. The order-q generalized dimension
Dq can be obtained by
Dq =
τ(q)
q − 1 . (12)
Based on the Legendre transform, we can obtain the sin-
gularity strength function α(q) and the multifractal spec-
trum f(α) [59]
α(q) =
dτ(q)
dq
= h(q) + q
dh(q)
dq
, (13a)
and
f(α(q)) = qα− τ(q) = q[α− h(q)] +Df . (13b)
B. Two-dimensional case: MF-DMA(θ1, θ2, q)
The two-dimensional MF-DMA analysis is used to
investigate possible multifractal properties of surfaces
X(i1, i2) with i1 = 1, 2, · · · , N1 and i2 = 1, 2, · · · , N2.
Some surface analyses (e.g. fractal cracks) measure two
independent (or dependent) scaling exponents along the
front direction and along the propagation direction, in
the sense that the local height (out-of-plane) scales as
the in-plane displacement in two separate directions[61].
Differently, what we concerned here is the scaling behav-
ior on the partitioned squares, not on a directed displace-
ment. The local detrended fluctuation Fv1,v2(s1, s2) can
be calculated as follows,
Fv1,v2(s1, s2) =
[
1
s1s2
s1∑
i1=1
s2∑
i2=1
2v1,v2(i1, i2)
]1/2
. (14)
The residual matrix (i1, i2) is partitioned into Ns1 ×
Ns2 disjoint rectangle segments of the same size s1 ×
s2, where Ns1 = b(N1 − s1(1 + θ1))/s1c and Ns2 =
b(N2 − s2(1 + θ2))/s2c. Each segment is denoted by
v1,v2 such that v1,v2(i1, i2) = (l1 + i1, l2 + i2) for
1 6 i1 6 s1 and 1 6 i2 6 s2, where l1 = (v1 − 1)s1
and l2 = (v2 − 1)s2.
Generally, we set s = s1 = s2. Similar to the one-
dimensional case, we define the canonical measures as
µ(q, s, v1, v2) =
F qv1,v2(s)∑
v1
∑
v2
F qv1,v2(s)
, (15)
Then, from the partition function χ(q, s) we can obtain
the multifractal mass exponent τ(q), that is,
χ(q, s) =
∑
v1
∑
v2
F qv1,v2(s) ∼ sτ(q). (16)
Similar to the one-dimensional case, the singularity
strength α(q) and the singularity spectrum f(α) are de-
duced as
α(q) =
dτ(q)
dq
= lim
s→0
d
dq
lnχ(q, s)
ln s
= lim
s→0
∑
v1
∑
v2
F qv1,v2(s) lnFv1,v2(s)∑
v1
∑
v2
F qv1,v2(s) ln s
= lim
s→0
∑
v1
∑
v2
µ(q, s, v1, v2) lnFv1,v2(s)
ln s
,
(17a)
and
f(α(q)) = qα(q)− τ(q)
= lim
s→0
{
q
∑
v1
∑
v2
[F qv1,v2(s) lnFv1,v2(s)]∑
v1
∑
v2
F qv1,v2(s) ln s
− ln[
∑
v1
∑
v2
F qv1,v2(s)]
ln s
}
= lim
s→0
∑
v1
∑
v2
F qv1,v2(s)[lnF
q
v1,v2(s)− ln[
∑
v1
∑
v2
F qv1,v2(s)]]∑
v1
∑
v2
F qv1,v2(s) ln s
= lim
s→0
∑
v1
∑
v2
µ(q, s, v1, v2) ln [µ(q, s, v1, v2)]
ln s
.
(17b)
In practice, α(q) and f(α) can be computed by linear
regressions in semi-log scales.
In the original two-dimensional MF-DMA method[27],
the qth order overall fluctuation function F (q, s) is cal-
culated as follows,
F (q, s) =
 1Ns1Ns2
Ns1∑
v1=1
Ns2∑
v2=1
F qv1,v2(s1, s2)

1
q
, (18)
where q can take any real values except for q = 0. When
q = 0, we have
ln[F (0, s)] =
1
Ns1Ns2
Ns1∑
v1=1
Ns2∑
v2=1
ln[Fv1,v2(s1, s2)], (19)
according to L’Hoˆspital’s rule. Varying the segment sizes
s1 and s2, we are able to determine the power-law relation
between the fluctuation function F (q, s) and the scale s,
F (q, s) ∼ sh(q), (20)
Applying Eqs. (11) and (13), we can obtain the mul-
tifractal scaling exponent τ(q), the singularity strength
function α(q) and the multifractal spectrum f(α), re-
spectively. For two-dimensional multifractal measures,
we have Df = 2 in Eq. (11).
III. NUMERICAL EXPERIMENTS
A. One-dimensional p-model
To investigate the performance of different MF-DMA
approaches, we apply the p-model [62] to synthesize mul-
tifractal time series. The p-model can produce standard
4s
100 101 102 103 104 105
F
(q
,s
)
10-10
10-5
100
(a)
q = −10
q = −4
q = −2
q = 0
q = 2
q = 4
q = 10
s
100 101 102 103 104 105
χ
(q
,s
)
10-50
100
1050
10100
(b) q = −10
q = −4
q = −2
q = 0
q = 2
q = 4
q = 10
s
100 101 102 103 104 105
∑
v
µ
(q
,s
,v
)
ln
[F
v
(s
)]
-25
-20
-15
-10
-5
0
(c)
q = −10
q = −4
q = −2
q = 0
q = 2
q = 4
q = 10
s
100 101 102 103 104 105
∑
v
µ
(q
,s
,v
)
ln
[µ
(q
,s
,v
)]
-12
-10
-8
-6
-4
-2
0
(d)
q = −10
q = −4
q = −2
q = 0
q
-10 -5 0 5 10
τ
q
-20
-15
-10
-5
0
5
10
(e)
New Method
MF-BDMA
Analytic results
q = 0,τ = −1
q = 1,τ = 0
q
-10 -5 0 5 10
∆
τ
q
-0.15
-0.1
-0.05
0
0.05
0.1
0.15
(f)
New Method
MF-BDMA
q
-10 -5 0 5 10
D
q
0.4
0.6
0.8
1
1.2
1.4
1.6
(g) New Method
MF-BDMA
Analytic results
q
-10 -5 0 5 10
α
q
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
(h)
New Method
MF-BDMA
Analytic results
α
0.5 1 1.5 2
f
(α
)
-0.2
0
0.2
0.4
0.6
0.8
1
1.2
(i)
New Method
MF-BDMA
Analytic results
q=0
q=1
FIG. 1. Multifractal analysis of a binomial measure with p = 0.3, based on the traditional MF-BDMA(θ, q) and the direct
determination approach with θ = 0. (a) Power-law dependence of F (q, s) on box size s for different q. (b) Power-law dependence
of χ(q, s) on box size s for different q. (c) Linear dependence of
∑
v µ(q, s, v) lnFv(s) against ln s. (d) Linear dependence of∑
v µ(q, s, v) ln[µ(q, s, v)] against ln s. (e) The mass exponent function τ(q). (f) Differences ∆τ(q) between the estimated mass
exponents and their theoretical values. (g) The generalized dimensions Dq. (h) The singularity strength function α(q). (i) The
multifractal singularity spectrum f(α).
multifractal series and thus the analytical formula of the
scaling exponents τ(q) and the singularity strength func-
tion α(q) can be obtained exactly. Therefore, the p-model
is used to test the performance of the multifractal es-
timators [17, 27]. Start from a measure m uniformly
distributed on an interval [0, 1]. In the first step, the
measure is redistributed on the interval, m1,1 = mp1
to the first half interval and m1,2 = mp2 = m(1 − p1)
to the second half interval. In the (k + 1)-th step, the
measure mk,i on each of the 2
k line segments is redis-
tributed into two parts, where mk+1,2i−1 = mk,ip1 and
mk+1,2i = mk,ip2. We repeat the procedure for 20 times
and finally generate the multifractal time series with a
length of 220 = 1048576. We present the results when
the parameters are p1 = 0.3 and p2 = 0.7 and com-
pare the performances of the backward moving average
(θ = 0), the centered moving average (θ = 0.5) and the
forward moving average (θ = 1). The results for other
parameters are qualitatively the same.
We elaborate on the case of backward moving aver-
age in Fig. 1. Fig. 1(a) illustrates the power-law depen-
dence of the fluctuation function F (q, s) on the scale s
for different q. The exponents h(q) for the traditional
MF-DMA method are obtained by the least squares fit-
ting in log-log scales. Fig. 1(b) illustrates the power-
law dependence of the partition function χ(q, s) on the
scale s for different q. The slopes obtained by linear
regressions of lnχ(q, s) against ln s are the estimates
of τ(q), which are shown in Fig. 1(e). We obtain Dq
using Dq =
τ(q)
q−1 and α(q) and f(α) using the Legen-
dre transform, which are presented in Fig. 1(g-i). On
the other hands, the multifractal nature in the one-
dimensional p-model can also be estimated by the direct
determination approach. Fig. 1(c) plots the dependence
of
∑Ns
v=1 µ(q, s, v) lnFv(s) against s and Fig. 1(d) plots
the dependence of
∑Ns
v=1 µ(q, s, v) ln [µ(q, s, v)] against s
in linear-log coordinates. The slopes of the linear fits
in Fig. 1(c) and Fig. 1(d) are the estimates of α(q) and
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FIG. 2. Multifractal analysis of a binomial measure with p = 0.3, based on the traditional MF-FDMA(θ, q) and the direct
determination approach with θ = 1. (a) Power-law dependence of F (q, s) on box size s for different q. (b) Power-law dependence
of χ(q, s) on box size s for different q. (c) Linear dependence of
∑
v µ(q, s, v) lnFv(s) against ln s. (d) Linear dependence of∑
v µ(q, s, v) ln[µ(q, s, v)] against ln s. (e) The mass exponent function τ(q). (f) Differences ∆τ(q) between the estimated mass
exponents and their theoretical values. (g) The generalized dimensions Dq. (h) The singularity strength function α(q). (i) The
multifractal singularity spectrum f(α).
f(α) directly, which are shown in Fig. 1(h-i). In Fig. 1(e)
and Fig. 1(g-i), we also show the analytical solution as a
continuous curve for comparison. The analytical formula
of τ(q) for time series generated by the p-model can be
expressed by [59],
τanaly(q) = − ln(p
q
1 + p
q
2)
ln 2
. (21)
The analytical singularity strength function α(q) can be
calculated as follows
αanaly(q) = −p
q
1 ln p1 + p
q
2 ln p2
(pq1 + p
q
2) ln 2
. (22)
The analytical expressions of Dq and the multifractal
spectrum f(α) can be obtained via Dq =
τ(q)
q−1 and
f(α) = qα − τ(q) respectively. In Fig. 1(e), we mark
τ(0) = −1 and τ(1) = 0, while in Fig. 1(i), we show
that f ′(α | q = 0) = 0 and f ′(α | q = 1) = 1. It
is evident that both the direct determination approach
and the traditional approach can unveil the multifractal
nature of the binomial measure with very high accuracy.
To make more precise description, we display the dif-
ferences ∆τ(q) between the estimated mass exponents
and their theoretical values in Fig. 1(f). we find that the
estimation deviations became bigger when the q values
are far from 0. Very negative q’s cause the mass expo-
nents τ(q) underestimated and very positive q’s cause
τ(q) overestimated. Correspondingly, when |q|’s are set-
ting large, the estimated Dq in Fig. 1(g) and α(q) in
Fig. 1(h) are slightly higher than their corresponding an-
alytic values, and the estimated f(α) curve in Fig. 1(i)
is slightly right-biased to their analytic values. Another
property observed in Fig. 1(f) is that the ∆τ(q) func-
tion estimated by the direct determination approach lo-
cates slightly lower than the estimation of traditional ap-
proach. This indicates that, for very positive q’s, the
direct determination approach performs better than the
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FIG. 3. Multifractal analysis of a binomial measure with p = 0.3, based on the traditional MF-CDMA(θ, q) and the direct
determination approach with θ = 0.5. (a) Power-law dependence of F (q, s) on box size s for different q. (b) Power-law
dependence of χ(q, s) on box size s for different q. (c) Linear dependence of
∑
v µ(q, s, v) lnFv(s) against ln s. (d) Linear
dependence of
∑
v µ(q, s, v) ln[µ(q, s, v)] against ln s. (e) The mass exponent function τ(q). (f) Differences ∆τ(q) between
the estimated mass exponents and their theoretical values. (g) The generalized dimensions Dq. (h) The singularity strength
function α(q). (i) The multifractal singularity spectrum f(α).
traditional MF-DMA analysis. However, for very nega-
tive q’s, the traditional approach performs better.
The case of forward moving average displayed in Fig. 2
is very similar with the case of backward moving average.
However, the case of centered moving average displayed
in Fig. 3 has something different. In Fig. 3(f), very neg-
ative q’s cause the mass exponents τ(q) overestimated
and very positive q’s cause τ(q) underestimated. Cor-
respondingly, when |q| are setting large, the estimated
Dq in Fig. 3(g) and α(q) in Fig. 3(h) are slightly lower
than their respective analytic values, and the estimated
f(α) in Fig. 3(i) are slightly left-biased to their analytic
values. We notice that ∆τ(q) estimated by the direct
determination approach locate almost the same as the
estimation of traditional approach. Therefore, the per-
formances of MF-CDMA analysis done by these two ap-
proaches are comparable. Here we stress that, no matter
which approach we used, both the backward and the for-
ward MF-DMA methods outperform the centered MF-
DMA method, when considering the difference ∆τ(q).
B. Two-dimensional p-model
In order to investigate the performance of the two-
dimensional MF-DMA methods, we adopt the multiplica-
tive cascading process to synthesize the two-dimensional
multifractal measure. The process begins with a square,
and we partition it into four sub-squares with the same
size. We then assign four proportions of measure p1, p2,
p3 and p4 to them (s.t. p1 + p2 + p3 + p4 = 1). Each sub-
square is further partitioned into four smaller squares
and the measure is re-assigned with the same propor-
tions. The procedure is repeated 10 times and we finally
generate the two-dimensional multifractal measure with
size 1024 × 1024. In Fig. 4, the model parameters are
p1 = 0.1, p2 = 0.2, p3 = 0.3, and p4 = 0.4. In this paper,
we particularly adopt θ = θ1 = θ2 for the isotropic im-
7plementation of the two-dimensional MF-DMA analysis.
X(i1, i2)
i1
1 256 512 768 1024
i 2
1
256
512
768
1024
×10-5
1
2
3
4
5
6
7
8
9
10
FIG. 4. Two-dimensional multifractal measure with p1 = 0.1,
p2 = 0.2, p3 = 0.3, p4 = 0.4 and size 1024× 1024.
Fig. 5 displays the backward case (θ1 = θ2 = 0) of
the two-dimensional MF-DMA analysis, using two ap-
proaches respectively. Fig. 5(a) illustrates the power-
law dependence of the fluctuation function F (q, s) on
the scale s for different q. The exponents h(q) from
the traditional MF-DMA method are obtained by the
least squares fitting in log-log scales. Fig. 5(b) illus-
trates the power-law dependence of the partition func-
tion χ(q, s) on the scale s for different q. The slopes
obtained by linear regressions of lnχ(q, s) against ln s
are the estimates of τ(q), which are shown in Fig. 5(e).
We obtain Dq using Dq =
τ(q)
q−1 and α(q) and f(α)
using the Legendre transform, which are presented in
Fig. 5(g-i). On the other hands, the multifractal nature
of the two-dimensional p-model can also be estimated
by the direct determination approach. Fig. 5(c) plots
the dependence of
∑
v1
∑
v2
µ(q, s, v1, v2) lnFv1,v2(s)
against s and Fig. 5(d) plots the dependence
of
∑
v1
∑
v2
µ(q, s, v1, v2) ln [µ(q, s, v1, v2)] against s in
linear-log coordinates. The slopes of the linear fits in
Fig. 5(c) and Fig. 5(d) are the direct estimates of α(q)
and f(α), which are shown in Fig. 5(h-i). In Fig. 5(e)
and Fig. 5(g-i), we also show the analytical solution as a
continuous curve for comparison. The analytical formula
of τ(q) is expressed as following
τanaly(q) = − ln(p
q
1 + p
q
2 + p
q
3 + p
q
4)
ln 2
. (23)
We also show the analytical singularity spectrum as a
continuous curve for comparison, where the singularity
strength function α(q) can be calculated as follows
αanaly(q) = −p
q
1 ln p1 + p
q
2 ln p2 + p
q
3 ln p3 + p
q
3 ln p3
(pq1 + p
q
2 + p
q
3 + p
q
4) ln 2
.
(24)
The analytical expressions of Dq and the multifractal
spectrum f(α) can be obtained via Dq = τ(q)/(q − 1)
and f(α) = qα− τ(q) respectively. In Fig. 5(e), we mark
τ(0) = −2 (hence the fractal dimension D0 = 2) and
τ(1) = 0, while in Fig. 5(i), we show that f ′(α | q = 0) =
0 and f ′(α | q = 1) = 1.
We find the two-dimensional MF-DMA analysis has
the same properties as the one-dimensional case in Fig. 1.
The estimation deviations |∆τ(q)| became bigger when
the q values are far from 0. Very negative q’s cause the
mass exponents τ(q) underestimated and very positive q’s
cause τ(q) overestimated. Correspondingly, when the |q|
values are large, the estimated Dq in Fig. 5(g) and α(q)
in Fig. 5(h) are slightly higher than their respective ana-
lytic values, while the estimated f(α) curves in Fig. 5(i)
are slightly right-biased to their analytic values. Another
property observed in Fig. 5(f) is that the ∆τ(q) curves
estimated by the direct determination approach locate
lower than those by the traditional approach, which is
more obvious than the one-dimensional case. This indi-
cates that, with very positive q values, the direct deter-
mination approach outperforms the traditional approach
for the MF-DMA analysis. However, with very negative
q values, the traditional approach performs better.
C. Fractional Brownian motion
We also test the performance of the new method using
monofractal time series. Fig. 6 shows the results of mul-
tifractal analysis on fractional Brownian motions (FBM),
using the direct determination approach and the tradi-
tional approach. FBM series are generated by using a
wavelet-based generator (WFBM) [63] with input Hurst
exponent Hin = 0.7. We take the backward case (MF-
BDMA) to present the results. Fig. 6(a) illustrates the
power-law dependence of the fluctuation function F (q, s)
on the scale s for different q’s. We notice that these
lines almost have the same slopes. In other words, the
estimated exponents h(q) according to Eq. (10) are all
close to Hin = 0.7. This results in an almost linear
τ(q) function in Fig. 6(d) and an almost linear α(q) func-
tion in Fig. 6(e), obtained respectively from Eq. (11) and
Eq. (13a). The strength of the multifractal nature can
be quantified by the width of the singularity spectrum
∆α = αmax − αmin. In Fig. 6(f), we illustrate the func-
tion f(α) as a function of α and find that the spectrum
width is very narrow. This confirms that the fractional
Brownian motion signal is monofractal, not multifractal.
On the other hands, the spurious multifractal na-
ture for fractional Brownian motion can also be
estimated by the direct determination approach.
In Fig. 6(b,c) we present
∑
v µ(q, s, v) lnFv(s) and∑
v µ(q, s, v) ln[µ(q, s, v)] as a function of the time lag s.
We find these lines almost have the same slopes. Hence,
both the singularity strength α(q) in Fig. 6(e) and the
multifractal singularity spectrum f(α) in Fig. 6(f) have
narrow domains. In Fig. 6(d-f), we show that the di-
rect determination approach performs comparable to the
traditional approach.
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FIG. 5. Multifractal analysis of the two-dimensional multifractal measure, based on the traditional MF-BDMA(θ1, θ2, q)
and the direct determination approach with θ1 = θ2 = 0 (backward moving average). (a) Power-law dependence of F (q, s)
on box size s for different q. (b) Power-law dependence of χ(q, s) on box size s for different q. (c) Linear dependence of∑
v1
∑
v2
µ(q, s, v1, v2) lnFv1,v2(s) against ln s. (d) Linear dependence of
∑
v1
∑
v2
µ(q, s, v1, v2) ln [µ(q, s, v1, v2)] against ln s.
(e) The mass exponent function τ(q). (f) Differences ∆τ(q) between the estimated mass exponents and their theoretical values.
(g) The generalized dimensions Dq. (h) The singularity strength function α(q). (i) The multifractal singularity spectrum f(α).
We also compare the estimated accuracy of Hurst ex-
ponent by two approaches in Fig. 7. With the tradi-
tional approach, the estimated Hurst exponent can be
obtained by Eq. (10). With the new method, we first
get τ(q), then backward derive h(q) through Eq. (11).
Note that h(0) = limq→0
τ(q)+1
q = τ
′(0). We generate
FBM time series with three different input Hurst indexes
(Hin = 0.3, 0.5 and 0.7). For each Hin, we simulate
100 FBM time series. We present the results of centered
detrending moving average case with θ = 0.5 (CDMA),
since CDMA has the best performance [28]. We con-
firm that both the direct determination approach and
the traditional approach can produce relatively accurate
estimation for all the three different Hin cases. In ad-
dition, the estimates show no obvious difference except
when q is close to 0. With canonical approach, slight
numerical errors or approximations in τ(q) will cause big
fluctuations in h(q) when q → 0.
IV. APPLICATION TO FINANCIAL TIME
SERIES
We now apply the direct determination approach and
the traditional approach to investigate the multifrac-
tal properties of the volatility time series of SPD Bank
(600000) stock price. The volatility is defined as the ab-
solute value of the logarithmic difference of 1-min closing
prices:
R(t) = | lnP (t)− lnP (t− 1)|, (25)
where P (t) is the closing price on minute t. The time
period of the samples is from 5 January 2015 to 14 March
2016, containing 70,179 data points.
Here we take the backward method for example.
Fig. 8(a) shows the power-law dependence of the fluc-
tuation function F (q, s) on the scale s. For different
q’s, the slops h(q) are different, but the disparity is
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FIG. 6. Multifractal analysis of fractional Brownian motions with Hin = 0.7, based on the traditional MF-BDMA(θ, q) and
the direct determination approach with θ = 0. (a) Power-law dependence of F (q, s) on box size s for different q. (b) Linear
dependence of
∑
v µ(q, s, v) lnFv(s) against ln s. (c) Linear dependence of
∑
v µ(q, s, v) ln[µ(q, s, v)] against ln s. (d) The mass
exponent function τ(q). (e) The singularity strength function α(q). (f) The multifractal singularity spectrum f(α).
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FIG. 7. Hurst exponent estimates. In each plot, two types of markers are obtained from the direct determination approach
and the original approach with θ = 0.5. Each point shows the average Hurst index estimated over 100 simulated time series.
The error bars show the standard deviations. Each column corresponds to a fixed Hurst index (Hin = 0.3, 0.5 and 0.7 from left
to right).
not as obvious as that of the p-model. For the new
method, the partition function χ(q, s) scales with re-
spect to the scale s as a sound power law in Fig. 8(b).
The slops are the estimated τ(q) which are almost over-
lapping with the estimation by traditional method, as
shown in Fig. 8(e). The singularity strength function
and the multifractal spectrum are also directly deter-
mined. Fig. 8(c) shows a sound linear dependence of∑Ns
v=1 µ(q, s, v) lnFv(s) against ln s and Fig. 8(d) shows
a sound linear dependence of
∑Ns
v=1 µ(q, s, v) ln [µ(q, s, v)]
against ln s. The slops of these lines are different such
that the α(q) values range from 0.80 to 1.09 and f(α)
range from 0.34 to 1 in Fig. 8(g-i). The strength of mul-
tifractality can be characterized by the span of the mul-
tifractal singularity strength function. Therefore, We ob-
serve in the figure that the 1-min volatility time series of
SPD Bank possesses multifractal nature, and that both
the direct determination approach and the traditional ap-
proach show identical results.
V. CONCLUSIONS
In this paper, we defined a canonical measure to de-
velop a new detrending moving average approach for mul-
tifractals such that the singularity strength function α(q)
and the multifractal spectrum f(α) can be directly deter-
mined. In the canonical framework, the mass scaling ex-
ponent τ(q) is defined via the partition function. This is
a different statistical approach compared with the tradi-
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FIG. 8. Multifractal analysis of the 1-minute volatility time series of SPD Bank (600000) stock price, based on the traditional
MF-BDMA(θ, q) and the direct determination approach with θ = 0 (backward moving average). (a) Power-law dependence of
F (q, s) on box size s for different q. (b) Power-law dependence of χ(q, s) on box size s for different q. (c) Linear dependence
of
∑
v µ(q, s, v) ln [Fv(s)] against ln s. (d) Linear dependence of
∑
v µ(q, s, v) ln[µ(q, s, v)] against ln s. (e) The mass exponent
function τ(q). (f) The generalized dimensions Dq. (g) The singularity strength function α(q). (h) The f(q) function. (i) The
multifractal singularity spectrum f(α).
tional MF-DMA approach, which computes the general-
ized Hurst exponent directly and deduces the singularity
spectrum indirectly.
We focused on the multifractal analysis in one and
two dimensions. Extensions to higher dimensions are
straightforward. The performances of the direct de-
termination approach and the traditional approach are
tested based on synthetic multifractal measures with
known theoretical multifractal properties, including one-
dimensional p-model, two-dimensional p-model and frac-
tional Brownian motion.
We found that the direct determination approach has
comparable performance with the traditional approach
to unveil the multifractal nature. In other words, for the
p-model, both approaches provide results agreeing with
the analytical expressions of the mass function, the sin-
gularity strength function and the multifractal spectrum.
In more careful comparisons, for the backward MF-DMA
case with θ = 0 and the forward MF-DMA case with
θ = 1, when q is very positive, the direct determina-
tion approach performs slightly better; when q is very
negative, the traditional approach performs slightly bet-
ter. For the centered MF-DMA case with θ = 0.5, these
two approaches do not show obvious differences. Both
two approaches confirm that fractional Brownian motion
signals are monofractal. For the estimates of Hurst ex-
ponent, the canonical approach performs slightly worse
than the traditional approach when q is close to 0, be-
cause the Hurst exponent is deduced indirectly with the
traditional approach. Finally, when the new approach is
applied to the 1-min volatility time series of stock prices,
the multifractal nature is confirmed.
In all, we contribute to extend the direct determination
approach of singularity spectrum [56] to the detrending
moving average analysis. Of course, this direct deter-
mination approach is also possible for other detrending
analysis, such as multifractal detrended fluctuation anal-
ysis (MF-DFA).
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